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A CHARACTERIZATION OF CONNECTED (WEAKLY) ORDERABLE SPACES
BY

A.E. BROUWER

1troduction

topological space X is said to be (weakly) orderable if there exists
total order < on X such that all open intervals

2,b) = {x € X | a < x < Db} are open in X.

1 the following X will denote a connected T,-space.

is said to have the property

3') iff for each p € X X \ p has at most two components.
3'0) iff for each p € X all components of X \ p are open.

learly (B') implies (B'0).

t is well known (see e.g. [2] and [3]) that a connected topological
sace X is orderable iff among every three points of X there is exactly
1e which separates the other two.

sre we prove:

aeorem
f the connected T1-space X satisfies the following three conditions:

i) among any three points of X there is at least one which lies
in a connected set separating the other two;
ii) among any three points of X there is at most one which lies
in an open connected set which separates the other two points;
iii) (B'0),

ren X is orderable, (and conversely, an orderable space certainly

atisfies (i) - (iii)).




collary 1

among three points of X there is exactly one which has an open
anected neighbourhood which separates the other two then X is order-

le.

rollary 2

among any three points of X there is exactly one which lies in a

anected set that separates the other two, then X is orderable.
use the following notation:

A=B+C
b c

ans that A is the topological sum of its subsets B and C, b € B and
e C.

20f of the corollaries

both cases it is sufficient to prove that X satisfies B' since B'
plies B'O, Suppose X \ p = A + B + C.

a b c
en A u {p}, B U {p} and C v {p} are connected sets containing a resp.
resp. ¢ and separating b and c resp. a and c resp. a and b which
ves a contradiction in case 2. In case 1 let Uab be an open connected
igbourhood of p which does not contain a and b, then C u Uab is an
en connected neighbourhood of ¢ separating a and b. Likewise B u Uac
iAuU  are open connected neighbourhoods of b resp. a separating

b
and c resp. b and c. Contradiction.

oof of the theorem

X satisfies B'.

For, suppose X \ p=A +B +C; A\ a = A+ Ay
a b ¢ P

B\b = B1 + B2; C\ec= C1 + C2 (where A

D D

5» By, C, may be empty) .




e the components of X \ a are open, the components of A\ a
open in A, hence we may assume that A1, B1 and C1 are connected.
A uB, uC, is an open connected neighbourhood of a separating
id cy and B U A.| u C1 is an open connected neighbourhood of b

wrating a and c, a contradiction.

complement of an open connected set has at most two components.

, suppose X \ C = A1 + A2 + A3 where C is open and connected.

P, P, P3
1C U Ai is an open connected neighbourhood of P separating P;
p (1=1,2,351% =k =i), '

sradiction.

{ contains at least two cut points, X is orderable. For, let p

q be two cut points; X \p=A +B ,X\g=A +B.
i SR »2 e

1A cA,andsoac€A andb € B_.
q P

X\ (A UB) =24 \ A_ is closed and connected;
b q q Y

ol

=Y \ {p,q}.
Ap \ a-= ga + Fa and Bq \'b = ﬁb + Fb where Ea and Eb are con-

ted and Fa and Fb may be empty. Then Y u Ea u Eb is connected

open.

an have no endpoints other than p and q.

if Y \ r is connected (r # p,q), (Y \ r) v Ea‘u Eﬁ is open and
rected with complement {r} + (Fa v {a}) + (F_ u {b}) which con-

b
jicts 2.

atisfies B'.

ifY\r=A+B+C or Y \r A+ B + C then
: P q b,q

= (AUA + (B uUuB +
r = ( p) ( q) CorX\r

zh contradicts'1.

(AUA UA)+B+C
D (]

1 point r of Y’ separates p and q.

if Y\ r= A+ B then A and B are connected by 3B, so
b.qQ




Avu Ea U Eb is open and connected and has complement

(Fa u {a}) + (Fb u {b}) + (B u {r}), which contradicts 2.

Y is orderable.

For Y is connected and Y = p + E(p,q) + q (see Whyburn, [4]).

X is orderable:
Let Z be the collection of all cut points of X.
Then first of all Z is orderable. For, if z € Ap let
X\z=A +B and if z € B_ let X\ z=A + B,
Z z D z Z
p P
Then y < z <> K; c AZ defines an order on Z, compatible with the
topology. Now X = (/\ A) uZu (/N B_) since x € A_ n B_ for
Z z r s
z€Z zZ€Z
some r, s € Z implies that x separates r and s (3C) and therefore
that x € Z.
Suppose M\ AZ contains two distinct points e, f.
Z€Z
Then K; \ e is connected, hence Aq \ e is an open connected neigh-
bourhood of f separating .e and q.
Likewise Aq \ f is an open connected neighbourhood of e separating
f and q. Contradiction.
Therefore both /\ A_ and /N BZ can contain at most one point,
Z€EZ zeZ
and we can extend the order on Z in the obvious way to an order
on X.

This proves 3.

X cannot contain exactly one cut point.
Let p be the only cut point of X, and X \ p= A + B .

PpoPp  P3
Then A \ P, and A \ 2 and B \ py are connected and consequently
(B \ p3) u {p} u (A \'pi) is an open connected neighbourhood of
P; separating p; and 18 (i =1,251=23j).

Contradiction.




X contains at least one cut point.

For suppose no point of X is a cut point. We consider two cases.

. Suppose X \ {p,q} is disconnected for all p,q € X.
Now X \ {p,q} = A + B and B = B u {p,q} is connected. So r cannot
r
lie in a connected set separating p and q. Since p, q, r are arbi-

trary we arrive at a contradiction.

. Let X \ {p,q} be connected for some fixed pair of distinct points

Ps Q.
Now X \ {p,q} is an open connected neighbourhood of r separating p

and q for each point r € X \ {p,ql.

Therefore q cannot have an open connected neighbourhood separating
p and some other point r.

Hence X \ {p,r} cannot be connected for r # q.

Thus X \ p has at most one end point.

Choose r.s T different frem p, q.

= + =
Let X \ {p,r1} A A, and X \ {p,rz} B, + B,.
Y2 o

Then A, = A1 U {p,r1} and B1 = B1 U {p,rz} so r, and r, cannot lie

in a connected set separating r, and p resp. r, and p. Therefore p

1

must lie in a connected set separating r, and r, and X \ {r1,r2}
must be connected. (Otherwise we would have X \ {r1,r2} = A+ B

and B =B u {r1,r2} which gives a contradiction.) p

But now in X'\ r, all points except possibly p and q are end points,
which is impossible by the above argument.

Contradiction.

nally 3, 4 and 5 together prove the theorem.

mark

e condition B'0O in the theorem is needed to ensure the existence of
fficiently many open connected sets without which the second condition
mong three points there is at most one which lies in an open connected

t that separates the other two points) would be useless.




s example, if a Vl-space is defined as a connected T1—space g
> following property: 'each connected subset has at most one

:n we have for VT—spaces:

Among every three points there is at least one which lies
nected set that separates the other two points.

The complement of an open connected set is connected.
Therefore no open connected set separates any two points.
For all but at most one point p € X X \ p does have infi:

many open components and exactly one closed component.

se [1]).
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